We provide for the first time the detailed study of the radiation performance of an optical leaky wave antenna (OLWA) integrated into a Fabry-Pérot resonator. We show that the radiation pattern can be expressed as the one generated by the interference of two leaky waves counter-propagating in the resonator leading to a design procedure for achieving optimized broadside radiation, i.e., normal to the waveguide axis. We thus report a realizable implementation of the OLWA made of semiconductor and dielectric regions. The theoretical modeling is supported by full-wave simulation results, which are found to be in good agreement. We aim to control the radiation intensity in the broadside direction via excess carrier generation in the semiconductor regions. We show that the presence of the resonator can provide an effective way of enhancing the radiation level modulation, which reaches values as high as 13.5 dB, paving the way for novel promising control capabilities that might allow the generation of very fast optical switches, as an example.
I. INTRODUCTION
PTICAL leaky wave antennas (OLWAs) are optical antennas whose radiation principle is based on the excitation of a leaky wave (LW) as a mode in a waveguide.
The subject of LWs has been largely studied in the past, including their role in producing narrow beam radiation [1] [2] [3] [4] [5] [6] [7] [8] . A leaky wave may be excited by placing a periodic set of perturbations on a slow wave structure, like an integrated waveguide, which has an open aperture so that radiation can leak out. This concept has been recently shown in [9] describing an OLWA made of a dielectric waveguide comprising periodic silicon (Si) perturbations that provides very directive radiation at 1550 nm. Due to the presence of the periodic perturbations, the overall LW that propagates in the waveguide can be represented as the superposition of an infinite set of Floquet spatial harmonics travelling with wavenumbers where we have assumed x to be the direction of propagation. Here, n is an index indicating the n-th spatial harmonic, implied]. If one of the spatial harmonics (usually the one with 1 n = − ) is a fast wave with respect to free space, having a phase velocity greater than the speed of light c (i.e., , 0 x n k β < , with 0 / k c ω = the free-space wavenumber), then it will radiate, and the overall mode (comprising all the harmonics) is said to be leaky. Very narrow beam radiation is achieved when x α is relatively small with respect to 0 k , making the LW slowly attenuating while traveling along x. Interesting applications of such narrow beam radiation may include the construction of novel highly directive antennas and the development of future devices such as fast optical switches and sensors. Moreover, very directive near-infrared optical antennas with controlled radiation power density and beam steering are of great need in applications like planar imaging [10] and LIDAR [11] .
In the OLWA introduced in [9] , as well as in other designs, as the one in [6] based on a thin film of patterned silver with period d excited by a subwavelength slot, the radiation comes from the 1 n = − Floquet harmonic, and the period plays an important role in determining the direction of radiation. Another important set of leaky wave antennas is based on radiation coming from the 0 n = Floquet harmonic, i.e., the fundamental mode in the structure. Some examples can be found in [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Directive radiation can also be achieved at optical frequencies by exciting LWs in periodic arrays of plasmonic nanospheres as discussed in [22] [23] [24] . However, losses in metals usually prevent to have very small attenuation constant x α and therefore very directive beams.
The kind of LW antennas relevant for this paper is based on the excitation of the 1 n = − Floquet spatial harmonic. Since this is the only harmonic contributing to radiation, we will (1) . As a general remark, any LW antenna of the two kinds (i.e., based on either the 0 n = or the 1 n = − harmonic) just described here radiates because of the spatial harmonic in the range 0 0 ( , ) k k − , regardless of the index definition, along the direction LW θ provided by the formula
Therefore, the theory developed in Sec. II applies to any of the two kinds of LW antennas just described, since it deals only with the wavenumber of the radiating harmonic, regardless of its index.
This paper develops the theory describing the radiation of an OLWA integrated into a Fabry-Pérot resonator (FPR) and illustrates approaches that can greatly enhance the control of the radiation level in the broadside direction, normal to the waveguide axis. For demonstration purposes, we focus on the two dimensional (2D) model (invariant along y) of the antenna reported in Fig. 1 , because the agreement between 2D and 3D calculations has been previously shown in [9] . The OLWA under analysis comprises Si regions whose refractive index and absorption is tunable via electronic or optical excess carrier generation. Note that in [9] silicon perturbations were small thus enabling very fast control. Therefore the OLWA here analyzed is a good platform for optical antennas with beam control [25, 26] . We prove that the OLWA integration into the FPR enhances the radiation and provides electronic tunability as high as 13.5 dB by using carrier injection.
The organization of the paper is as follows. We explain the radiation properties of the OLWA inside the FPR and for the first time provide a simple physical interpretation and design guidelines based on leaky wave theory in Sec. II . We then illustrate in Sec. III a realistic design, using results from fullwave simulations (finite element method in the frequency domain, COMSOL Multiphysics) in good agreement with theoretical analytical predictions. This section also includes analysis of the radiation control via carrier injection into the semiconductor regions within the radiating section of the antenna.
II. THEORY
We provide in this section the theoretical model of an optical leaky wave antenna (OLWA) embedded inside a Fabry-Pérot resonator (FPR), depicted in Fig. 1 . Within the two highly reflective mirrors of the FPR lies a waveguide (WG) divided into three regions. The central leaky region (i.e., the OLWA) of length L (centered in the coordinate system along the x direction) provides the directive radiation. On either side of the leaky region there are non-radiating regions of lengths 1 2 and D D that determine the FPR resonance condition as described in the following. We assume that the antenna is surrounded by a homogeneous material with refractive index h n and wavenumber 0 h k n k = .
Mirror 1 Assuming that the waveguide is fed from the -x edge through mirror 1 (Fig. 1) , the wave component propagating in the +x direction that reaches the center of the leaky region (i.e., x = 0 in Fig. 1 ) has electric field defined as 0 E . Note however that the total field inside the resonators is due to multiple reflections from mirrors 1 and 2 (Fig. 1 ). The wave propagating in the +x direction upon one round trip inside the resonator is scaled by a factor ( ) with m an index indicating the number of round trips. Since 1 T < , one can replace the summation in (4) with the factor FPR 1 1 f T = − (5) which is an intrinsic parameter of the FPR that accounts for the multiple reflections inside the resonator itself. This parameter ultimately determines the enhancement of the waves traveling inside the resonator. Accordingly, the LW propagating in the +x direction is described by
Similarly, the total field propagating in the -x direction can be given in terms of 0 E and LW WG 2
the reflection coefficient towards the +x direction referred to the center x = 0, as ( )
Equations (6) and (8) are valid for x between / 2 L − and / 2 L + , where the waves are leaky. Each LW will provide far field beams that depend on the LW wavenumber LW k , as well as on the resonator parameter FPR f (large at the FPR resonance), which modulates the magnitude of the far field. By using the equivalent aperture technique [6, 9, 27] over the contour from where we assume radiation is occurring (e.g., here defined by the red dashed line in Fig. 1 ), the far zone fields due to the leaky waves propagating in the x ± directions are respectively found as 
with ( ) ( )
Here θ is the angle with respect to the z axis that can assume positive or negative values, moreover, ( ) 
where the total field takes the form
In particular, the far-field radiation is determined by the following conditions/parameters: (i) the interference of leaky wave radiation from counter propagating LWs that is highly dependent on 0 Γ ; (ii) the quality factor of the resonator,
intimately related to FPR f ; (iii) the leaky wave wavenumber LW k (both real and imaginary parts). These mechanisms are analytically governed by equations (9) and (12) . The superposition of the far field beams ( F + and 0 F − Γ ), thus the field pattern of the antenna, is strongly dependent on the phase and magnitude difference as a function of 0 Γ between the waves in opposite directions. Moreover the field strength can be greatly controlled via the resonance term FPR f .
A. Tailoring the total radiation pattern
As mentioned briefly in the introduction, following (2), the radiated beams due to the leaky-waves E ± point to
can be applied (which also corresponds to having the beam close to the broadside direction).
We analyze the situation for which the main beams of F + and 0 F − Γ are close to the broadside direction. The difference between the phase of
, determines whether the two fields interfere constructively or destructively at the direction θ . According to (12) , the phase
tuned with the phase of 0 Γ by properly designing 2 D [see (7) ], and thus one can obtain constructive interference at a certain angle θ . Once the constructive interference is achieved, the superposition of the far field radiation from the two LWs around the broadside direction will strongly depend on the magnitude of 0 Γ . We aim to superpose the two beams constructively in the broadside direction, in order to maximize the broadside radiation. Note that at broadside ( 0 (10) and (11) . Therefore the constructive superposition of F + and 0 F − Γ at the direction 0 θ =° (thus maximizing the magnitude of T F at broadside) is guaranteed by setting
In order to visualize the superposed beams F + and 0 F − Γ , in Fig. 2 we provide the radiation level diagram of two beams due to the two leaky waves whose maxima occur at
The far field beams due to the two leaky waves propagating in the resonator.
We define
, hence at broadside the levels of the patterns are reduced by a factor (14) is reported in the Appendix]. Assuming that the two beams are in phase at broadside, the total far field radiation level at broadside is given by
where from (10)
, and A is a real number determined as
Therefore, the value of A is the measure of the maximum achievable broadside far field level upon superposition of the beams. Depending on the pointing directions ( LW θ ±
) and the directivities of the individual beams, the broadside radiation intensity of the total field can be stronger or weaker than that of the individual beams. Here we aim at the determination of a condition for having the broadside far field upon superposition that bears a larger radiation level than the maxima of the individual beams. This is achieved by imposing the condition max max AF F + + > , which guarantees that the two superposed LW beams provide a field in the broadside direction stronger than max F + . In turn, this condition can be simply rewritten as 1 A > .
We rearrange (16) by using two parameters: the quality factor of the leaky waveguide
and the electrical length
is the LW wavelength. The condition in (16) is then expressed as
Interestingly, the condition for increased broadside radiation in (18) has no dependence on the surrounding medium parameters, showing that any proper physical implementation of the device would allow for single beaming in the broadside direction. In Fig. 3 we plot the design parameter A versus L λ for various Q with the assumption 2 . However a length L larger than the host wavelength is desirable for achieving higher directivity (longer radiating aperture). These two conditions enforce a trade-off on the length of the leaky region L of the antenna in Fig. 1 . Briefly, for our design purposes the length of the leaky waveguide inside the FPR cannot be arbitrarily long for two reasons: (i) the directivity of the individual beams shall not be too high because it may in turn prevent the formation of a single beam upon superposition; (ii) the reflection coefficient also necessary for achieving a high quality factor in the FPR. Fig. 3 . The design parameter A versus L λ for various Q ratios. When A > 1 the total radiated field in the broadside direction has a larger magnitude than the radiated beam due to E + in LW θ direction.
To provide proof of the condition in (18) When (18) is not satisfied [ Fig. 4(b) ], the radiation level in the broadside direction is lower than the forward beam significantly, whereas we observe a unified beam closer to the broadside direction than the individual beams when (18) is satisfied [ Fig. 4(a) ].
B. Resonance control of the Fabry-Pérot resonator
The OLWA developed in [9] had small silicon perturbations that, despite being suitable for ultra fast tunability, was however not able to deliver significant radiation control. Instead, the integration of a LW antenna inside a resonator has the advantage of controlling the radiation level by small parameter variations. Here we report the resonance behavior depending on the physical dimensions and analyze the effect of small changes in the LW wavenumber LW k , a powerful mean of controlling the radiation level through the variation of the dielectric constant of the waveguide material by electric or optical control. The enhancement of the intensity in far field due to the resonator is proportional to 2 FPR f according to (9) . The resonance occurs when the denominator of (5) is minimized in magnitude; therefore, the condition of resonance, i.e., the maxima of 2 FPR f , occurs when
where q is an integer. Eq. (19) 
III. DESIGN OF OLWA IN FPR BASED ON A SILICON WAVEGUIDE
In this section, we report the design of an OLWA inside a FPR that follows the principles explained in the previous section. We aim to enhance radiation level control thanks to the resonator by modifying the wavenumber of the guided leaky mode. Silicon is thus chosen as the waveguide material, because its refractive index can be modified by generating excess carriers (electrons/holes) through electronic injection or optical excitation (a detailed analysis can be found in [26] ). The design, which is depicted in Fig. 6, utilizes [28] . Inside the FPR, the corrugated section of the silicon waveguide is turned into a leaky waveguide (similar to the illustration in Fig.  1) where the perturbations are periodic air-filled cavities with periodicity 460 nm d = and 100 nm 100 nm × cross sectional dimensions along the inner side of the top surface of the waveguide (Fig. 6 ). In the following we assume that the antenna radiates into a homogeneous SiO 2 environment ( Fig. 6 , has 13 N = perturbations (the length of the leaky section is thus L Nd = ). The antenna is a 1-port system fed from one side, and due to the large thickness of Mirror 2 ( 2 0.994 148 Γ = ∠ −°) no signal propagates further along the waveguide past the FPR region. Moreover, along the nonradiating sections of the waveguide, the mode is purely guided mode (no attenuation mechanism is present) and the impact of the lengths 1 D and 2 D will be periodic with respect to the guided wavelength WG λ . Therefore these sections with lengths 1 D and 2 D will be referred as the residual phase shift (in modulo 360º) the wave acquires and they are denoted by First we assess the antenna performance when no excess carriers are present in Si. In Fig. 7 we show the magnitude of the reflection coefficient, 11 S , at the input port for the structure described above varying 1 ξ and 2 ξ (i.e., the lengths of the non-leaky waveguide sections inside the FPR) from 0º to 270º with 9.75º steps (corresponding to 12.5 nm increments in physical length). It is observed from Fig. 7 that the minima of 11 S lie on a line which is roughly a constant 1 2 ξ ξ ξ + ≜ locus (black dashed lines); moreover, 11 S values exhibit periodicity with respect to ξ , with a period around 180º
(almost corresponding to a length of WG 0.5λ ). This is in agreement with the conclusions provided in the previous section that the resonance of the FPR can be tuned by changing D [see (4)]. Then, we plot in Fig. 8 , ξ ξ pairs, for the same set of 1 ξ and 2 ξ as in Fig. 7 . The broadside gain exhibits a periodic dependence on 2 ξ with dips nearly every 180º (i.e., about WG 0.5λ ), which was inferred as a result of (7) where 0 Γ is a function of 2 D but not 1 D . The results in Fig. 7 and Fig. 8 are a direct proof that the resonance and the broadside gain level can be controlled by properly adjusting the physical dimensions 1 D and 2 D . To assess the effect of free carriers and understand potential electronic tunability, the Drude model for the Si refractive index is being adopted into the simulations. In particular we assume the radiating section with length L of the Si waveguide inside the FPR include free carriers with density of e N and h N for electrons and holes, respectively. The refractive index change depending on the density of excess electrons and holes can be calculated as done in [29, 30] . We assume that excess electrons and holes with extreme concentrations of 19 3 10 cm to the nominal value of 3.48) and a non-zero imaginary part that accounts for dissipative losses with respect to the case in Fig. 7 and Fig. 8 . With this modified refractive index of Si inside the radiating section, we report again the magnitude of the scattering parameter 11 S in Fig. 9 and the broadside gain (normalized by the maximum gain in the absence of excess carriers in Si) in Fig. 10 , for the same sets of 1 ξ and 2 ξ as in Fig. 7 and Fig. 8 . The dependence of the resonant behavior on 1 ξ and 2 ξ and the broadside gain level's dependence on 2 ξ are similar to the case without excess carriers in Si. However, the locus of the minima in the graphs 11 S versus 1 ξ and 2 ξ shifts by 20°, for example minima move from 1 2 175 ξ ξ + ≈° ( Fig. 7) to 1 2 195 ξ ξ + ≈° ( Fig. 9 ), due to the change in Si n . A similar shift is also present in the graphs of broadside gain where the locus of the broadside gain minima shifts, for example the minima move from 2 175 ξ ≈° (Fig. 8) to 2 190 ξ ≈° (Fig. 10) . Moreover the effect of losses in Si upon the generation of excess carriers results in a decrease in the broadside gain. For fixed values of 1 ξ and 2 ξ , the introduction of excess carriers modifies the radiated field at a direction θ in two ways: (i) the input mismatch of the antenna is modified, and thus the accepted power; (ii) the gain (and the far field pattern) is modified according to the change of the phase of 0 Γ . We provide the variation of the magnitude of the input reflection coefficient, 11 S , in Fig. 11 , ξ ξ . We also report the change in the broadside far field (which takes the input mismatch into account) in Fig. 12 where variations down to 30 dB − and up to +35dB are observed for certain pairs ( ) 1 2 , ξ ξ . Largest far-field variations arise because radiation in either the presence or the absence of excess carriers presents a null in the broadside direction. In such cases, a directive beam at broadside is not observed. A possible goal is to have OLWA designs with directive beams, achieved when dark red belts in Fig. 8 and Fig. 10 are overlapping with yellow or dark blue regions in Fig. 11 . In order to analyze the frequency response of the designed antenna, we now provide in Fig. 13 the magnitude of the input reflection coefficient, 11 S , versus wavelength and the far field pattern of the antenna using the design parameters . This improvement in matching also manifests itself in the radiated far field at broadside. We observe an increase of 5 dB in the broadside beam when the excess carrier density is increased. This proves the advantage of using a sharply resonant antenna together with refractive index control yielding to an input matching control and far field modulation.
Here, we also report the far-field pattern (with grey dotteddashed lines, normalized by its own maximum) evaluated using (13) for verifying that the theory can cover the far-field features.
It is noteworthy to mention that in the design procedure the mode mismatch between the radiating and non-radiating sections has been neglected. Such mismatches may cause the non-radiating sections to act as low-quality-factor resonators having an overall impact on the FPR resonance. Therefore, the field distributions of some resonances can differ even though the electrical length of the non-radiating sections are incremented by integer multiples of the guided wavelength, and negatively impact far fields. In order to avoid the degradation of the pattern due to the mentioned resonances, the far-field pattern needs to be carefully handled for any design.
The far field radiation level variation due to the introduction of excess carriers in Si may be further enhanced by increasing the quality factor of the FPR. To show the effectiveness of this approach, we may increase the thickness of mirror 1 (i.e., more reflective mirror), which in turn modifies 1 Γ in (3). Hereby we provide the result pertaining to a 20 nm thick mirror 1 leading to a higher reflection coefficient 1 0.919 142 Γ = ∠ −°, keeping the remaining structural parameters same as the previous cases. Based on the design procedure explained above, after producing similar color maps (not shown for brevity), we reach to the design parameters 1 70 ξ =° and 2 109
ξ =°and in Fig. 14 we report the far field pattern variation by controlling the excess carrier concentration. In this case, we demonstrate the ability to decrease the radiation level upon excess carrier concentration in contrast to the case reported in Fig. 13(b) . We note that the use of a larger FPR resonator quality factor induces a far field radiation level variation of about 13.5 dB, which is about 8.3 dB larger than the case in Fig. 13(b) . This result shows indeed the flexibility of embedding an OLWA inside a FPR for the design of innovative devices that require large level variation (e.g., optical switches). ξ =°.
IV. CONCLUSION
We have reported for the first time the radiation mechanism of an OLWA integrated inside a FPR, also providing simple design guidelines for directive emission and illustrative examples. Importantly, we have shown that the radiation at broadside can be controlled effectively by the introduction of excess carriers in Silicon, and this enables the vision of innovative devices, such as fast optical switches or sensors. The integration into a resonator is important to enhance tunability of radiation power levels. Moreover similar concepts can be implemented at microwave and millimeter wave frequencies, with the design equations here provided.
APPENDIX: RETRIEVAL OF THE PARAMETERS DESCRIBED IN
Here we report the derivation steps of the expression reported in (14) . Assume that the leaky waves of interest radiate very close to the broadside direction, thus the approximation ( ) cos 1 θ = is applied in (10) . We use a complex valued sinc function in (10) , and its maximum is given by
where K is a real constant and x is the real variable of the function. Thus the maxima of the patterns in (10) 
